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ABSTRACT: The model parameters for the multimode differential pompom constitutive equation were
determined for densely branched, sparsely branched, and linear polyethylene resins. The versatility and
robustness of the pompom model is demonstrated through good rheological predictions in both shear and
extensional deformations. The model parameters obtained for the sparsely branched materials indicate
that the frequency of long-chain branching dominates the degree of strain hardening observed in uniaxial
extension. This finding agrees well with the proposed mechanism of long-chain branching using
constrained-geometry metallocene catalysts. The model parameters agree qualitatively with the long-
chain branch content determined from dilute solution measurements. Furthermore, the values of the
number of pompom arms (i.e., the priority) were found to be quite high even for the sparsely branched
materials but were only associated with the longest relaxation times. This suggests that branching for
the metallocene systems may be highly concentrated on the longest chains rather than randomly
distributed on all of the chains.

Introduction

The recent development of the “pompom” constitutive
model of McLeish and Larson1 has provided new insight
into the subtle effects of long-chain branching on the
rheological properties of branched polyethylenes. McLeish
and Larson demonstrate that the constitutive model
predictions under shear and extensional deformations
resemble the observed rheological response of densely
branched polyethylene resins. Most notably, the model
correctly predicts strain hardening in both uniaxial and
planar extensional flows. Furthermore, the model pa-
rameters used to fit available rheological data can be
used to construe some idea of the molecular structure
as well as the extent of branching. In the case of the
densely branched, low-density polyethylene (LDPE), the
pompom model seems well suited. However, its applica-
tion to sparsely branched commercial systems has gone
untested. The development of sparsely branched met-
allocene-catalyzed polyethylene resins using constrained
geometry catalysts (CGC) represents a new benchmark
with which to test the versatility of the pompom model
while assessing the architecture of these systems.

The application of the pompom model to densely
branched materials such as commercial low-density
polyethylene (LDPE) was recently undertaken by Ink-
son et al.2 Using a series of well-characterized LDPE
resins, the authors were able to fit shear and exten-
sional data with considerable accuracy using a multi-
mode formulation of the pompom differential model.
Surprisingly, transient shear viscosity predictions agreed
well with experimental measurements using material
parameters determined solely from shear dynamic oscil-
latory and transient extensional data. Subsequent
model modifications by Blackwell et al.3 provided
smoother, more accurate predictions to transient and

steady extensional viscosity predictions of the same
LDPE resins.

The success of the model in predicting the rheological
response of LDPE relies upon the idea that segmental
tension can be traced from the free ends at the surface
of the macromolecule inward toward the core.4 The
maximum accumulated segmental tension is deter-
mined by its priority,5 and the rate of relaxation of that
stress is determined by its seniority.6 In effect, this
concept associates the fastest relaxing constitutive
modes to the free arms and the slowest relaxing modes
to the core segments. This approach is tantamount to
deconstructing, or decoupling, the macromolecular su-
perstructure into an ensemble of pompom molecules.
The results of this treatment provide accurate results
for densely branched low-density polyethylene.2,3,36

The extension of the pompom model to sparsely
branched systems presents a different challenge. The
degree of branching found in sparsely branched metal-
locene polyethylene is considerably less than that
formed from free radical polymerization. The proposed
mechanism for branching in metallocene polyethylenes
occurs by temperature-activated, â-hydride elimination
reactions that give rise to vinyl-terminated polymer
chains.7 These macromonomers can then be re-incorpo-
rated into growing chains, thereby generating long chain
branches. It is believed that sparsely branched metal-
locene polyethylene resins consist of a mixture of linear,
star, and higher branched species.8,9 The results of
modeling the coordination polymerization of ethylene
using CGC catalysts like those developed by the Dow
Chemical Co.10 suggest that the weight fraction of
macromolecules having two or more branch points
accounts for a relatively small mass of the whole
polymer. As a result, one would expect very few molec-
ular segments capable of being described by a branched
pompom molecule. This contrasts greatly with the
situation observed for highly branched LDPE discussed
above.
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The accuracy of the pompom model predictions and
the precision of the model parameters are dependent
upon the quality and breadth of the fitted rheological
data. This is certainly true when differentiating varying
degrees of long-chain branching in LDPE or mPE resins.
Prior studies of commercial and model polymer systems
have shown that rheological characterization is a sensi-
tive indicator of molecular structure.11-14 More specif-
ically, studies using model polymer systems have shown
that the degree, length, and structure (i.e., star, comb,
random, etc.) of branching have considerable effect on
the zero-shear viscosity and the onset of shear-thinning
behavior.15-17 However, various combinations of molec-
ular weight and long-chain branching can lead to similar
shear rheological behavior.18 This complication is often
observed in commercial materials and requires alternate
rheological measurements to differentiate the effects of
branching.19,20

In addition to shear deformations, extensional defor-
mations can be used to assess the effects of molecular
structure on rheology. In fact, extensional rheological
characterization has also been found to be sensitive to
long-chain branching.21 Unlike linear polymers, which
exhibit shear and extensional-thinning behavior, long-
chain branched polymers often show extensional viscos-
ity growth above the linear viscoelastic (LVE) limit of
3η+(t). This rise above the LVE envelope is generally
referred to as strain hardening. Previous studies on
linear and branched polyethylenes have shown that the
presence and magnitude of strain-hardening behavior
are dependent upon the degree and topology of long-
chain branching present.22-25 More recently, Bin Wadud
and Baird20 have shown that this is also qualitatively
true for sparsely branched metallocene polyethylene
resins. In contrast, Kasehagen and Macosko26 have
argued that extensional strain hardening is simply a
result of extremely long relaxation times not readily
observed in shearing flows and that the observed
rheological response may or may not be attributed to
the presence of long-chain branching in randomly
branched polybutadienes.

Although extensional measurements of model systems
are often difficult to obtain, the results indicate the
importance of branch structure over the degree of
branching. The extensional measurements of polymer
melts are notoriously difficult to obtain.27 The presence
of a free surface often leads to nonhomogeneous flow
and the need for numerous measurements at each
extension rate. In the case of model systems, this often
prohibits extensional characterization because of the
small quantity of material available. However, research
suggests that more than one branch point per chain is
required for extensional strain hardening.28-30,37 Ye and
Sridhar28 measured the extensional viscosity of three-
arm polystyrene solutions and found that extensional
thinning was observed over a very wide range of
extension rates. These observations were found to be
qualitatively similar to those of the linear polymer
solutions. On the other hand, McLeish et al.29 and Lohse
et al.30 found that only molecules having multiple
branch points exhibit extensional strain hardening
behavior. McLeish et al.29 observed extensional strain
hardening in a model, H-shaped polyisoprene (PI), while
Lohse et al.30 observed it for comb-branched hydroge-
nated polybutadienes (HPB). Furthermore, Lohse et al.
determined that a very small amount, as little as 5%,
of the comb-branched HPB blended with linear poly-

ethylene was required to affect the extensional viscosity.
These rather few observations clearly imply that ex-
tensional viscosity measurements can be used to assess
the degree and possibly the type of long-chain branching
that exists in sparsely branched metallocene polyeth-
ylenes.

In the present study, a series of five commercially
available polyethylene resins is investigated. Three of
the five resins are narrow molecular weight distribution,
sparsely branched metallocene polyethylenes (mPE)
that are the focus of this study. Each of these mPE
resins contains a different degree of long-chain branch-
ing as determined from dilute solution analysis. In
addition to the sparsely branched mPE resins, a linear
low-density polyethylene (LLDPE) resin and a densely
branched LDPE is also used. These conventional resins
are used to test the versatility of the pompom model in
the cases of considerable long-chain branching and no
long-chain branching. The goal of this study is to
determine whether the structure of sparsely branched
metallocene polyethylene predicted using the pompom
molecular constitutive equation is consistent with the
proposed mechanism for long-chain branching during
polymerization and the level of branching obtained from
dilute solution measurements. Using available shear
and extensional rheological data, a set of model param-
eters are fitted for each of the polyethylene resins
investigated. From these model parameters, character-
istic pompom structures are deduced.

The Pompom Constitutive Model
In this section, a brief review of the constitutive model

and the basic set of equations used to predict the shear
and extensional rheological responses are presented.
Although a rigorous derivation of the original model is
quite insightful, these details can be found elsewhere.1
The pompom molecule is a relatively simple structure
consisting of two q-armed stars connected by a single
backbone section known as the crossbar (Figure 1).
Using a generalization of the Doi-Edwards tube model,31

the configuration of these pompom molecules can be
described by two dynamic variables S and λ. The tensor
S describes the average backbone tube orientation and
the scalar λ describes the average backbone stretch.
Furthermore, the time scales for backbone orientation
and stretch are determined by two separate relaxation
times, τb and τs, respectively. The maximum backbone
stretch, and thus the maximum accumulated stress, is
determined by the number of pompom arms, q. For this
particular treatment, the effects of arm withdrawal in
the original formulation have been neglected.1

The evolution of the dynamic variables S and λ are
governed by the differential equations appearing in

Figure 1. Schematic representation of the simplest pompom
molecule, the H-polymer (q ) 2).
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Table 1 and the resulting extra stress tensor σ is
calculated from these variables. The differential ap-
proximation for S has been chosen for this study because
it not only provides a similar asymptotic behavior to the
full integral form1 but also provides analytical solutions
for the orientation tensor components under homoge-
neous flow conditions. The backbone stretch evolution
equation incorporates the concept of drag-strain cou-
pling of the branch point as proposed by Blackwell and
co-workers.3 In this case, the parameter ν* has been
approximated by the suggested value of 2q-1. A multi-
mode formulation has been implemented for this study,
and thus each mode will have four unknown param-
eters: the backbone orientation time τbi, the individual
contribution to the plateau modulus gi, the number of
pompom arms qi, and the backbone stretch orientation
time τsi. These unknown parameters are determined
from fitting available shear and extensional rheological
data.

The recommended procedure by Inkson et al.2 has
been used to determine the model parameters in this
study. First, the backbone orientation times (τbi) and
individual plateau moduli (gi) are determined from
linear viscoelastic measurements. This is accomplished
using a least-squares fit to available data. In this case,
the choice of τbi is arbitrary and one constitutive mode
per decade of shear rate was used. Second, the number
of pompom arms and the stretch orientation time are
determined from transient tensile growth measure-
ments. This particular fitting process usually requires
a trial-and-error approach. Fortunately, only those
modes active at a given extension rate (τsif ∼ 1) are
affected. Fitting the slowest extension rate first and
proceeding to higher rates generally provides the best
results.

Experimental Section

Materials. The five polyethylene resins employed for this
study are commercially available materials. Table 2 lists each
of the resins considered along with their molecular character-
istics as determined by dilute solution measurements. The two
Dow Affinity resins are ethylene-octene copolymers produced
using the INSITE catalyst technology. These particular met-
allocene resins have been investigated in a previous study.20

The ExxonMobil Exact 0201 resin is an ethylene-octene
copolymer produced using the EXXPOL catalyst technology.
The conventional LLDPE (NTX101) is an ethylene-hexene
copolymer also manufactured by ExxonMobil using conven-
tional Ziegler-Natta catalysts. The conventional LDPE (NA952)
is manufactured by Equistar and is produced using a tubular

free-radical polymerization process. None of the resins listed
contain any additional additives other than the standard
antioxidant packages.

The degree of long-chain branching determined from dilute
solution measurements, using a combination of GPC, light
scattering, and intrinsic viscosity measurements as discussed
in ref 13, are reported in Table 2. The sparsely branched mPE
resins vary in content from 0.18 to 0.79 LCB/104 carbons. This
is well over an order of magnitude less than the branching
content reported for the conventional LDPE resin (NA952)
using C13 NMR measurements. Although C13 NMR measure-
ments may include some short-chain branches,32 the breadth
of distribution exhibited by NA952 is indicative of a high
degree of long-chain branching.33 The NTX101 resin is a linear
polyethylene copolymer and was not analyzed for branch
content.

Shear Rheological Measurements. The shear rheological
measurements for each resin were determined using a Rheo-
metrics Mechanical spectrometer model 800 (RMS-800). The
dynamic oscillatory data were collected over the range of 0.1-
100 rad s-1 using 25 mm parallel plate fixtures. The steady
shear rheological measurements were collected over a range
of 0.001-1.00 s-1 using a 25 mm cone and plate fixture. Stress
growth measurements were carried out at shear rates varying
from 0.001 to 1.0 s-1. For shear rates greater than 0.3 s-1 edge
fracture was observed for strains greater than 100 and
measurements were stopped. The cone angle used for all
steady shear measurements was 0.1 rad. All testing was
performed within an inert nitrogen atmosphere to prevent
thermooxidative degradation. In most cases, the test samples
were prepared by compression molding preforms at 170 °C
under nominal pressure and allowing them to cool slowly. All
steady shear measurements were carried out at a test tem-
perature of 150 °C. The dynamic oscillatory shear moduli data
were collected over a range of temperatures and shifted to a
reference temperature of 150 °C.

The results presented represent an average of at least three
runs using different samples each time. The calculated error
for the dynamic oscillatory and steady shear measurements
was found to be no greater than (5 and (10%, respectively.

Extensional Rheological Measurements. Transient
uniaxial extensional measurements were obtained using a
Rheometrics extensional rheometer, model 9000 (RER-9000).
This particular extensional rheometer is based upon the rod-
pulling design suggested by Münstedt.34 The transient exten-
sional data were collected over the extension rate range 0.01-
1.00 s-1. The maximum Hencky (true) strain achievable with
this device is approximately 3.0 using test specimens with
initial nominal lengths of 22 mm. The cylindrical test speci-
mens were compression molded from polymer pellets at 170
°C under nominal pressure and allowed to cool slowly. They
were then bonded to test clips using high-temperature UHU
epoxy, mounted to the rheometer, and immersed in a neutraly
buoyant silicone oil bath at 150 °C. Once thermal equilibrium
was achieved, an applied extension rate deformed the sample
and the resulting force was monitored using a leaf spring-
LVDT assembly. When nonuniform deformation was visually
observed, the acquired sample was discarded and an additional
test was performed on a separate specimen.

The results presented for each extension rate represent an
average of at least three runs using different samples each
time. The calculated error for the extensional viscosity data
varies between materials and depends on the achieved strain.
The branched polyethylene resins showed the greatest degree
of reproducibility with no more than 10% deviation up to the
maximum Hencky strain achievable. The linear resin was
much more problematic. The calculated error from εH ) 0 to
2.0 was found to be less than 10%, but above 2.0 strain units,
homogeneous deformation was difficult to achieve at higher
extension rates. In most cases, the extensional rheological data
for the NTX101 resin was simply truncated above εH ) 2.0.

Results and Discussion
Linear Viscoelastic Data. The linear viscoelastic

data are presented in Figures 2-4. Figure 2 illustrates

Table 1. Differential Pompom Constitutive Model
Equation Set

stress σ ) ∑iσi ) 3∑igiλi
2Si (1)

orientation Si ) Ai/trAi (2a)
(D/Dt)Ai ) K‚Ai + Ai‚KT - (1/τbi)(Ai - I) (2b)

stretch (D/Dt)λi ) λi(K:Si) - (1/τsi)(λi - 1)eνi*(λi-1) (3)

Table 2. Molecular Weight, MFI, and LCB Content of the
Materials Studied

resin
MFI,

dg/min Mw Mw/Mn Mz

LCB,
104 C

Exact 0201 1.1 88 700 2.14 158 900 0.79
Exact 3132 1.2 111 000 2.04 180 400
Affinity PL1840 1.0 87 400 2.43 160 200 0.57
Affinity PL1880 1.0 115 800 2.12 183 700 0.18
NA952 2.0 235 500 17.1 2 619 300 39a

NTX101 0.9 122 700 3.44 319 700
a C13 NMR measurement.
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the observed shear viscosity flow curves for each of the
resins over five decades in shear rate. Steady shear
measurements were found to overlap well with dynamic
oscillatory data in the range of rates investigated here.
Figures 3 and 4 summarize the shear loss and storage
moduli obtained for each resin at the shifted reference
temperature of 150 °C. Together, these data were then
used to determine the linear viscoelastic relaxation
spectra as described previously. The arbitrarily chosen
values for τbi, and the fitted values of gi obtained from
a numerical error-minimizing routine, can be found in
Tables 3-7.

One of the greatest limitations observed during
parameter fitting of τbi and gi parameters was the lack
of adequate low frequency data. This was certainly true
for the branched materials that exhibited shear-thin-
ning behavior at rates less than 0.01 s-1. As a result,
steady shear data were often used in combination with
the dynamic data to fit the model parameters over the
five decades of deformation rates. Despite this approach,
it was later determined that an additional mode corre-
sponding to τbi ) 103 s was required to accurately fit

the lowest extension rate data for the densely branched
NA952 resin. This extremely long relaxation mode is
not readily measured in shearing flows (because long
times are required to obtain these data leading to
degradation of the polymer), and its observation in
extensional flow is in partial agreement with the find-
ings of Kasehagen and Macosko.26

Figure 2. Steady shear and complex viscosities at 150 °C:
(]) Exact 0201, (g) NA952, (/) NTX101, (0) Affinity PL1840,
and (O) Affinity PL1880. Symbols with a dot in the middle
represent steady shear measurements; open symbols represent
dynamic oscillatory measurements.

Figure 3. Storage moduli at Tref ) 150 °C: (]) Exact 0201,
(g) NA952, (/) NTX101, (0) Affinity PL1840, and (O) Affinity
PL1880.

Figure 4. Loss moduli at Tref ) 150 °C: (]) Exact 0201, (g)
NA952, (/) NTX101, (0) Affinity PL1840, and (O) Affinity
PL1880.

Table 3. Pompom Model Parameters for NA952

τbi gi qi τbi/τsi

10-2 6.07 × 104 1 3.0
10-1 2.28 × 104 1 3.0
100 7.90 × 103 1 3.0
101 1.88 × 103 7 2.5
102 1.10 × 102 12 1.3
103 5.20 × 100 20 1.0

Table 4. Pompom Model Parameters for Exact 0201

τbi gi qi τbi/τsi

10-2 2.56 × 105 1 10
10-1 4.55 × 104 1 10
100 1.21 × 104 1 10
101 1.82 × 103 1 10
102 7.23 × 101 11 3.5

Table 5. Pompom Model Parameters for Affinity PL1840

τbi gi qi τbi/τsi

10-2 2.46 × 105 1 10
10-1 4.90 × 104 1 10
100 1.06 × 104 1 10
101 2.02 × 103 1 10
102 7.61 × 101 10 4.0

Table 6. Pompom Model Parameters for Affinity PL1880

τbi gi qi τbi/τsi

10-2 2.08 × 105 1 10
10-1 5.50 × 104 1 10
100 9.88 × 103 1 10
101 2.01 × 103 1 10
102 6.35 × 101 7 8.0

Table 7. Pompom Model Parameters for NTX101

τbi gi qi τbi/τsi

10-2 1.49 × 105 1 10
10-1 9.05 × 104 1 10
100 6.43 × 103 1 10
101 3.53 × 102 1 10
102 2.25 × 101 1 10
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Densely Branched Structures. To establish the
consistency of the technique used in this study with
those used in prior studies by Inkson et al.2 and
Blackwell et al.,3 a densely branched LDPE resin is
examined first. The experimental and predicted tran-
sient extensional and shear growth curves for NA952
are featured in Figure 5. The corresponding values of
the qi and τbi/τsi obtained from fitting the extensional
curves at extensional rates of 0.01, 0.1, and 1.0 s-1 are
shown in Table 3. The predicted transient extensional
viscosities found in Figure 5a agree quite well with
measured values. The onset and degree of strain hard-
ening are captured quite well for all three of the rates
presented. The only uncertainties from this treatment
are the values of qi. Because steady-state extensional
viscosities were not obtained up to the maximum
Hencky strain of 3.0, the actual value of qi for each mode
could not be established. Therefore, the minimum values
of qi that provide acceptable fits to the rheological data
have been reported here. The true values of qi may in
fact be higher.

The predicted transient shear viscosities are found
in Figure 5b. The level of agreement is quite good
considering the model parameters have been optimized
for uniaxial extensional data. The predicted steady-state
viscosities agree well with experimental data in the low

shear rate range from 0.001 to 0.1 s-1and begin to
deviate by as much as 20% at the higher rates. On the
other hand, the departure from the LVE limiting curve
and the observed magnitude of the stress overshoot
appear to be more accurate at higher rates.

The results obtained for the densely branched poly-
ethylene used in this study are consistent with the
trends observed by Inkson et al.2 and Blackwell et al.3
in similar LDPE resins. The model parameters deter-
mined from extension are descriptive of a highly
branched low density-polyethylene resins. Surprisingly,
the overall fits for transient extensional and shear
rheological data are quite good despite the use of fewer
pompom modes than either Inkson et al. or Blackwell
et al. used in their studies. The maximum number of
modes used in this study was six modes for the LDPE
with the remaining four resins being modeled by only
five modes. Although this may lead to a greater degree
of response averaging across the modes, this treatment
best reflects the amount of rheological data available
for these systems.

Sparsely Branched Structures. Having analyzed
a densely long-chain branched system, it now seems
logical to turn our attention to sparsely branched resins.
As stated before, the sparsely branched resins are
believed to represent a collection of discrete linear, star,
and pompom shaped molecules. As such, the degree of
strain hardening is expected to be less and the number
of branched pompom modes is expected to be few. In
this subsection, the pompom model predictions for the
three sparsely branched metallocene resins listed in
Table 2 will be presented.

On the basis of dilute solution measurements, the
Exact 0201 material features the greatest degree of
branching of the metallocene resins at 0.79 LCB/104

carbons. As noted earlier, this is more than an order of
magnitude less that the branching content observed in
the densely branched LDPE system. The experimental
and predicted transient extensional and shear viscosity
growth curves are presented in Figure 6. The corre-
sponding values of the qi and τbi/τsi are tabulated in
Table 4. The transient extensional viscosity predictions
agree quite well with the experimental data. The
constitutive model accurately captures the onset and
magnitude of strain-hardening behavior. Furthermore,
the transient shear predictions are surprisingly ac-
curate. Once again, the model parameters have been
optimized for the extensional measurements. The fitted
parameters clearly indicate that only one branched
pompom mode is present and that its effects are evident
at ε̆ ) 1.0 s-1. In fact, the magnitude of qi for the longest
relaxing mode was accurately determined from the
maximum in the extensional viscosity data at ε̆ ) 1.0
s-1. On the other hand, the relaxation time ratio τbi/τsi
was determined from the transient extensional viscosity
data at ε̆ ) 0.1 s-1. Both of these led to excellent
predictions at the smallest extension rate of ε̆ ) 0.01
s-1.

The predicted transient growth curves for Affinity
PL1840 are illustrated in Figure 7. The transient
extensional predictions are not as accurate at low
extension rates, predicting more strain hardening than
observed experimentally. Furthermore, at the highest
extension rate, the observed onset of strain hardening
occurs sooner than predicted. This, of course, may be a
consequence of having a single branched pompom mode
active over two decades in extension rate. The model

Figure 5. Transient (a) extensional and (b) shear viscosity
growth curves for NA952: (b) ε̆,γ̆ ) 0.001 s-1, (0) ε̆,γ̆ ) 0.01
s-1, (/) ε̆,γ̆ ) 0.0316 s-1, (O) ε̆,γ̆ ) 0.1 s-1, (g) ε̆,γ̆ ) 0.316 s-1,
and (]) ε̆,γ̆ ) 1.0 s-1. Solid lines represent model predictions.
Dashed lines are LVE growth curves.
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parameters appearing in Table 5 were again determined
from the maximum viscosity observed at ε̆ ) 1.0 s-1 and
the transient growth form at ε̆ ) 0.1 s-1. Surprisingly,
the number of pompom arms determined for the slowest
relaxing mode is essentially the same as that for the
Exact 0201 resin. This occurs despite differences in the
dilute solution measurements of long-chain branching
content and the noticeably reduced degree of strain-
hardening behavior at an extension rate of 0.01 s-1.
Regardless, the transient shear viscosity curves are
reasonably accurate over the range covered.

The Affinity PL1880 resin contains the least amount
of long-chain branching according to dilute solution
measurements and consequently does not exhibit a
substantial degree of strain-hardening behavior. This
reduced response makes it difficult to accurately gage
the effectiveness of the pompom model’s fitting ability
to the data presented in Figure 8. In fact, the material
response at ε̆ ) 0.01 s-1 appears to be strain softening
with respect to 3η+(t). Despite concern regarding the
sensitivity of the pompom model to fit the response
exhibited by the Affinity PL1880, the same method
employed for the previous two materials was used. The
model parameters obtained from fitting the four linear
and one branched pompom modes are summarized in
Table 6. Again one observes that the number of pompom

arms is still relatively large at a value of seven, but
the relaxation time ratio has increased to a value of 8.
This is at least a factor of 2 greater than those reported
for either Exact 0201 or PL1840. Clearly, the separa-
tion in time scales appears to be the dominating factor
for predicting strain-hardening behavior in sparsely
branched mPE resins.

The model predictions obtained for sparsely branched
metallocene resins agree qualitatively well with both
transient extensional and shear viscosity measure-
ments. The observed strain-hardening behavior that
arises from as few as 0.18 LCB/104 carbons is modeled
well using a set of linear and branched pompom
structures. The fitted model parameters appearing in
Tables 4-6 show that only one branched pompom mode
exists in each of the parameter sets and that this mode
is represented by the longest relaxation time. It is
recognized that if more relaxation times were used other
long relaxation times could also have some branched
modes associated with them. Furthermore, the fitted
parameters imply that the separation in orientation and
stretch time scales is equally, if not more, important in
describing the observed extensional strain-hardening
behavior as is the number of pompom arms, qi. The
implications arising from these model parameters are
discussed in a later section.

Figure 6. Transient (a) extensional and (b) shear viscosity
growth curves for Exact 0201: (b) ε̆,γ̆ ) 0.001 s-1, (0) ε̆,γ̆ )
0.01 s-1, (/) ε̆,γ̆ ) 0.0316 s-1, (O) ε̆,γ̆ ) 0.1 s-1, (g) ε̆,γ̆ ) 0.316
s-1, and (]) ε̆,γ̆ ) 1.0 s-1. Solid lines represent model
predictions. Dashed lines are LVE growth curves.

Figure 7. Transient (a) extensional and (b) shear viscosity
growth curves for Affinity PL1840: (b) ε̆,γ̆ ) 0.001 s-1, (0)
ε̆,γ̆ ) 0.01 s-1, (/) ε̆,γ̆ ) 0.0316 s-1, (O) ε̆,γ̆ ) 0.1 s-1, (g) ε̆,γ̆ )
0.316 s-1, and (]) ε̆,γ̆ ) 1.0 s-1. Solid lines represent model
predictions. Dashed lines are LVE growth curves.
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Linear Structures. Although the pompom constitu-
tive model has been specifically designed to address the
rheological effects of long-chain branching, the linear
case may be equally important. This can of course be
accomplished by setting the number of pompom arms
equal to one. However, in the light of the results
obtained from the sparsely branched systems, one could
also increase the separation in orientation and stretch
time scales to an infinite extent thereby decreasing or
negating the predicted degree of extensional strain
hardening. Therefore, one would assume that accurate
modeling of linear materials is important as the degree
of long-chain branching becomes very small.

To test the versatility of the pompom model, a
conventional linear low-density has been considered.
The molecular characteristics of the linear NTX101
resin can be found in Table 2. The rheological data and
corresponding pompom model predictions can be found
in Figure 9. Knowing that this Ziegler-Natta polym-
erized resin has no long-chain branches, the choice of
nonlinear parameters becomes trivial. The value of qi
is set to one for all modes and the relaxation time scale
ratios become inconsequential (or approach infinity).
Beginning with the transient shear predications in
Figure 9b, the predicted results are quantitatively good.
The onset of thinning behavior, magnitude of the

viscosity overshoot, and steady-state viscosity are well
predicted. On the other hand, the extensional viscosity
prediction exhibits some anomalous behavior. Clearly,
the experimental data plotted in Figure 9a grow with
3η+(t) and deviate negatively at some critical value of
the applied Hencky strain. The predictions, on the other
hand, clearly indicate an initial degree of strain harden-
ing before reaching steady state. This numerical artifact
has been attributed to the approximating form of the
differential pompom constitutive model.35 The full in-
tegral form of the pompom model does not suffer from
this anomaly.

The pompom predictions for linear polyethylene melts
are very accurate in shear flows. This is not surprising
because of the greater dependence upon chain orienta-
tion rather than stretch. As a result, the transient shear
and extensional characteristics can be determined solely
from linear viscoelastic data. Unfortunately, the dif-
ferential form of the pompom model gives rise to
physically unrealistic predictions in extensional defor-
mations. This artifact will have very little effect on the
predictions of highly branched systems, but may become
important when dealing with predominantly linear
systems or systems in which the branched species do
not contribute to strain hardening behavior (i.e., star-
branched polymers).

Figure 8. Transient (a) extensional and (b) shear viscosity
growth curves for Affinity PL1880. (b) ε̆,γ̆ ) 0.001 s-1, (0)
ε̆,γ̆ ) 0.01 s-1, (XXXXX) ε̆,γ̆ ) 0.0316 s-1, (O) ε̆,γ̆ ) 0.1 s-1, (g)
ε̆,γ̆ ) 0.316 s-1, (]) ε̆,γ̆ ) 1.0 s-1. Solid lines represent model
predictions. Dashed lines are LVE growth curves.

Figure 9. Transient (a) extensional and (b) shear viscosity
growth curves for NTX101: (b) ε̆,γ̆ ) 0.001 s-1, (0) ε̆,γ̆ ) 0.01
s-1, (/) ε̆,γ̆ ) 0.0316 s-1, (O) ε̆,γ̆ ) 0.1 s-1, (g) ε̆,γ̆ ) 0.316 s-1,
and (]) ε̆,γ̆ ) 1.0 s-1. Solid lines represent model predictions.
Dashed lines are LVE growth curves.
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Interpretation of Suggested Pompom Struc-
tures. The model parameters obtained for the sparsely
branched metallocene polyethylenes suggest that the
observed degree of extensional strain hardening is more
sensitive to the separation in orientation and stretch
time scales as evidenced by τbi/τsi than the number of
pompom arms, qi. A decrease in the reported long-chain
branch content from 0.79 to 0.18 LCB/104 carbons for
Exact 0201 and Affinity PL1880 results in a 36% de-
crease in qi and a 128% increase in τbi/τsi. This observa-
tion indicates that the molecular dependence of τbi/τsi
is the dominating factor for assessing an average
branched structure.

According to the original derivations by McLeish and
Larson,1 the relaxation time scale ratio is directly
proportional to the product of the normalized crossbar
molecular weight and the fraction of the total molecular
weight contained within the crossbar

Thus, an increase in the effective distance between
branch points will increase the time scale separation.
This premise appears to be consistent with the long-
chain branching mechanism described earlier. That is,
the frequency of â-hydride elimination reactions during
polymerization will determine the frequency of, or
molecular weight between, long-chain branches. There-
fore, the greater the number of branch points for a given
molecular weight, the lower the molecular weight
between branch points and the smaller the relaxation
time scale ratio. This trend agrees qualitatively with
the dilute solution measurements of the degree of
branching obtained for the metallocene polyethylenes.

One interesting result taken from the same model
parameters was the large value of qi determined for the
longest relaxing mode. The observed magnitudes of q5
ranged from 11 for the Exact 0201 resin to 7 for the
Affinity PL1880. The reduction in value of q agrees
qualitatively with dilute solution measurements. Al-
though at first site the magnitudes of q appear physi-
cally unrealistic, it is possible that multiple branches
occurred on the highest molecular weight chains leading
to a randomly branched structure in which the priority
was 7 or more. Read and McLeish5 have proposed a
method for relating the statistical structure derived
from the reaction kinetics of metallocene catalysts9 to
an ensemble of pompom modes.

Hence, it is possible that there is an equivalent
randomly branched structure in which multiple branches
occur on the longest chains. Although the number of
branch points per molecule (or 104 carbons) associated
with a priority of order 10 is considerably higher than
the dilute solution measurements suggest, there are
assumptions employed in interpreting the dilute solu-
tion data concerning the branching density that may
not be exactly applicable to these systems.

Ultimately, a wide range of shear and extensional
rheological data are required for complete characteriza-
tion of the model parameters and assessment of the
implied molecular structure. Although the fitted model
parameters appear to agree with the proposed reaction
mechanism for long-chain branching and the dilute
solution measurements, they may not be unique. One
major consequence of discretizing the relaxation spec-
trum into a finite set of pompom modes is the loss of

uniqueness. Furthermore, the range and quality of
rheological data will determine the number and preci-
sion of those modes, respectively. In this case, the
unusually high number of pompom arms associated
with the longest relaxation time could be a result of too
few relaxation modes in the range of 10-1000 s.
Additional data at longer times or lower frequencies
may be required.

Conclusions

The exceptional ability of the multimode differential
pompom constitutive model to describe the rheological
behavior of various polyethylene structures has been
demonstrated. Most notably, the ability to describe the
extensional strain-hardening behavior of sparsely
branched polyethylenes produced from metallocene
catalysts is observed. This represents a unique exten-
sion of the pompom constitutive model to sparse,
randomly branched materials having an average num-
ber of branch points per chain less than two. The
parameters obtained by fitting of the model to exten-
sional and shear data suggest that multiple branches
occur on the longest chains. The rheological contribu-
tions to strain hardening from a relatively small fraction
of the whole polymer is remarkable.

The model parameters obtained for the sparsely
branched polyethylene systems indicate that the sepa-
ration in the relaxation time scales determines the
observed degree of strain hardening. This suggests that
the frequency of branch points and not the number of
branches, q, at a branch point dominate the extensional
rheological response. Not surprisingly, this agrees quite
well with the believed mechanism for long-chain branch-
ing using constrained-geometry metallocene catalysts.
Using the model parameters for the relaxation time
scale ratio, the implied degree of long-chain branching
for each mPE resin agrees qualitatively with dilute
solution measurements. On the other hand, the number
of pompom arms associated with the branched pompom
modes is unrealistically large. The apparent scaling of
qi with the observed extensional strain-hardening be-
havior does not agree with the believed long-chain
branching mechanism.
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